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APPLICATION OF METAHEURISTIC PROGRAMMING
TO SOLVE THE PROBLEM OF SYMBOLIC REGRESSION

0O.G. Monakhov, E.A. Monakhova

An HOTALMSA. PaCCMCYI‘peHO TIPUMCHEHHE ajiropurMa METa3BPUCTUYCCKOI'O
TIporpaMMHupOBaHUst (MP), OCHOBAHHOI'O Ha PAa3JIMYHBIX 6I/IOPIHCHI/IpI/Ip0BaHHBIX aJiropuTMax, Iyt
PpeleHns 3a/1a4i CUMBOJIBHOW PErpecCHy U CHHTE3a HEJIMHEHHBIX MOJIENIeH U IPOBEICHO CPAaBHEHHE
JIAHHOTO aITOpPUTMa CO CTaH-AapTHBIM AITOPUTMOM TreHerndeckoro mnporpammupoBanus (I'TI).
IMokazano, uto anroput™M MP npeBocxomut anroput™ [Tl kak 1o BpeMeHH, HEOOXO-TUMOMY I
MoKcKa perieHust (B OONBIIMHCTBE CilydaeB Oojiee 4eM Ha MOPSAAOK), TaK W IO BEPOSITHOCTH
HaXO0XKIACHUA 3a,Z[aHHOf;I MOIECIIA.

KioueBble ciioBa: METa3BPUCTUIECKOE ITPOrPpaMMHPOBAHUE, TCHETUYECKOE IIPOrpaMMHUPO-
BaHUE, HEIIMHEHHBIE MOZIENH, OMOUHCIIMPUPOBAHHBIE AT OPUTMBL.

Abstract. The application of the metaheuristic programming (MR) algorithm based on various
bio-inspired algorithms for solving the problem of symbolic regression and the synthesis of nonlinear
models is considered, and this algorithm is compared with the standard genetic programming algo-
rithm (GP). It is shown that the MR algorithm is superior to the GP algorithm both in the time required
to find a solution (in most cases by more than an order of magnitude) and in the probability of finding
a given model.

Keywords: metaheuristic programming, genetic programming, nonlinear models, bioinspired
algorithms.

PaccMoTpeHO pelleHue 3ajauu CHUMBOJBHOM PETPEcCHU U MOCTPOCHUS
HEJIMHEHHBIX MoOjieNied B BHIE MaTeMaTHYeCKHX BBIPRKEHUH, QYHKIMA,
(opMyJ, aNropuTMOB M TMPOTrpaMM HA OCHOBE IPHBEICHHBIX HSKCIEPUMEH-
TaJbHBIX JIaHHBIX, HA0OPOB INEPEMEHHBIX, OCHOBHBIX (DYHKIMH M OTepalii.
3ajaya COCTOUT B TOM, YTOOBI HaWTH MAaTEMAaTHYECKOE BBIPAKEHHE, KOTOPOE
Jydlle BCEro ONUCHIBAET HEIMHEHHYI0 BBIYMCIUTENIBHYIO MOJENb, OIpe-
nemsieMyto  HabopoMm BXomHbIX (X) ¥ BbeIXOAHBIX (Y) 3KCIEpHMEHTAIBHBIX
JaHHBIX Ha OCHOBE 33/IaHHOTO HaOopa 0a30BBIX (YHKIMH W omepauui u
3aJlaHHOTO Habopa TEpPEeMEHHBIX M KOHCTAaHT, KOTOPHIE HCIONB3YIOTCS I
ABTOMATHMYECKOTO  CO3MaHMS  AHAIWTHYECKHX  BBIpaKCHHH  (popmyn),
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Ne0315-2016-0006.



MpEJCTaBIONMX MOJAENb, U KOMIIBIOTEPHBIX INPOrpaMM JUIi HMX pacuera.
[penmnornaraercs, uro 1enesast GyHKIMS (puTHEC-QYHKINMS) BHIYUCISIET CYMMY
KBaJIpaTOB OTKJIOHEHUH BBIXOJHBIX JAHHBIX UIS MOIYYEHHOTO BBIPAKEHUS OT
3a/IaHHBIX OMOPHBIX BBIXO/HBIX 3HAUCHUH Y JUIS 3a/ITaHHBIX BXOIHBIX JAHHBIX X.

V3BecTHBIE MOAXOIBI K 3TOM HpoOneMe BKIIOYAIOT B ce0si B OCHOBHOM
BapuaHThI TeHeTHdeckoro mporpammuposanus (I'TI, GP) [1], [2], [3], koTopoe
OPHEHTHPOBAHO B IMEPBYIO OUYEPEAb HA pEIICHHE 337ad aBTOMATHIECKOTO
CHHTE3a TPOTpaMM Ha OCHOBE JaHHBIX OOYYEHHS IOCPEACTBOM 3BOJIO-
IIMOHHOTO TIOMCKa MOJIeIeH, MUHIMH3HPYIOIINX OMINOKY IpencTaBieHus. [pu
3TOM XPOMOCOMBI MMEIOT JPEBOBUIHBIE CTPYKTYpPBI, KOTOPbIE aBTOMATHUECKH
TEHEPUPYIOTCS C MCTIOJIb30BaHUEM ITeHETHIECKHX omepatopos B GP u npencra-
BJIAIOT TOCJIE MHTEpIPETAlMi HEKOTOPbIE BBIPAXKEHUS U KOMITbIOTEpHBIE IIPOT-
PaMMBI Pa3IUYHBIX Pa3MEPOB U CI0KHOCTEH, KOTOPBIE PEaU3yIOT BEIPAKEHHUS.

B nanHoll paGoTe mpezicTaBieH HOBBIM aIrOPUTM METa3BPUCTHYECKOTO
nporpammupoBadus (MP) ans pemieHus 3agaudl CUMBOJIBHOW pErpeccud U
CHHTe3a HEeNMHEHHBIX Mojenell. Mel onmmiem anroputM MP, ocHOBaHHEBIN Ha
YeThIpeX pa3IMYHbIX OWOMHCIMPUPOBAHHBIX aJTOPUTMAX JUIsl CHHTE3a
HEMHEHHBIX MOJENeH, CpPaBHMM HAll alrOpUTM CO CTAaHIApTHBIM TICHE-
THYECKAM TIPOTPaMMHUPOBAHMEM M TOKaXeM, 4To aimroputM MP obmanmaer
6o1ee BHICOKOH 3()(heKTUBHOCTBIO IBOIOIIMOHHOIO TTIONCKA.

MeTa3BpuCTHYECKOE TPOrPaMMHpPOBAHME JUI CHHTE3a HEIMHEHHBIX
MoieTieli OCHOBaHO Ha OMOMHCIMPHPOBAHHBIX (3BOMIOLMOHHBIX) BBIYHMCICHHAX
¥ MOZEJIMPOBAHNH MPHPOJHBIX MPOIECCOB B COBOKYITHOCTH areHTOB, KaXIbIH
13 KOTOPBIX ABJIACTCS TOUKOW B MPOCTPAHCTBE PELICHUN 3aa4M ONTHUMHU3ALINH
[4], [5]. amuBumyyMbl (areHTbl, MypaBbH, IUENbI, CBETISIYKH, YaCTHIIBL,
yuamuecs 4 Jp.) SBISIOTCS CTPYKTypaMy JaHHBIX (XpOMOCOMaMH), a UIMEHHO
TMOCIIeJOBATENIFHOCTSIMH BEIIECTBEHHBIX YHCEN (BEKTOPOB), KOTOPbIE KOJUPYIOT
MaTeMaTH4ecKue BhIpakeHHs ((opMynsl B mporpammsl). Kaxmas momymsims
npeJcTaBisieT co0oi Habop XpPOMOCOM, M KaXaash XpomMocoMa B OSTOM
AITOPUTME OITIPEJIENIIeT MHOXECTBO BBIpaXXeHHH ((opMyiT), BOSHHKAIONIUX W3
Hee mocie JekoanpoBaHus. OCHOBHas HMpesl aJrOpHTMa METa’BPHUCTHIECKOTO
MPOTrPaMMHPOBAHUST — 3BOJIIOIMOHHOE NpeoOpa3oBaHHE HaboOpa XpOMOCOM
(opmyi) B mporiecce ecTeCTBEHHOTO 0TOOpa JUTSl BBDKUBAHMS «CHUIIBHEHIIINXY.
B Hatem citydae 3TH HHIMBHILYYMBI SIBIISTIOTCS! BBIPQKEHHSMH, KOTOPBIE IMEIOT
HaVMEHbIIIee 3HAUCHHUE TIeIeBOM (DYHKIINH.

OTamsl MOZAETMPOBAHMS HBOJIIOIMOHHOTO TIPOIECCAa B aITOPUTME MeETa-
OBPHCTHYECKOTO IPOTPAMMHPOBAHUS HA OCHOBE OHOMHCIIMPHUPOBAHHBIX
TOMYJISIIMOHHBIX AJITOPUTMOB OITUCAHBI B CIIETYIOIIEM IIabIoHe.

1. Co3maHne HavalbHOM TOMyJSALMHM W3 CIyYaiHO CreHEepHpOBAaHHOTO
Ha4YaJIbHOTO NPHOIIDKEHHS PEIIeHNH (XPOMOCOM) B BHIIE TTOCIIEA0BATEIEHOCTEH
BEIIECTBEHHBIX umcen. OOpatuTe BHMMaHHE, YTO pEIICHHE IPEACTABICHO B
XPOMOCOME B 3aIIM(POBaHHOM BHJIE, TO €CTh B BUJIE TCHOTHIIA.

2. OueHka TOMYISIMK C IOMOIIBIO (YHKIMK TpurogHoct (¢urHec-
(yHKIIMM), KOTOpasi IOKa3bIBAaET, HACKOIBKO XOPOIIO KaXKABIH WHAWBHIAYYM



pemaer gaHHyo Inpobnemy. IIpm 3ToM reHoTHMN pacmM(pOBBIBACTCS B
(eHoTHII, YTOOBI MHTEPIPETUPOBATH XPOMOCOMY KaK MpOrpaMMmy JUIs pacuera
¢utHEC-PyHKIMH.

3. Co3pmaHue TOMYJSIMU CIEAYIONIErO MOKOJIEHUS C HCIOJIb30BaHUEM
OIIepaTOPOB MUIpallK, 3aJaHHBIX Ul KaKAOro OMOMHCITUPHPOBAHHOTO
QNrOpUTMa, YTOOBI NMPHBECTH WHAWBHAOB B 3TOH MOMYJALMU K KCTPEMyMY
eTIeBOH (pyHKITHH.

4. TToBTOPSITH MYHKTHI 2 ¥ 3 10 T€X TOp, TIOKa He OyeT HaliIeHo pelieHue,
COOTBETCTBYIOIIEE 3aIaHHBIM KPUTEPHSAM, WM TOKa He OyAeT JOCTUTHYTO
MaKCHMaJIbHOE KOJIMIECTBO MOKOJICHUH.

B Mera’BpHCTUYECKOM MpPOrPaMMHUPOBAHHMH  IIpeuIaraeTcst yHU(UIu-
POBaHHBII TOIXOA JUISl JEKOJMPOBAHUS OCHOBHBIX CTPYKTYP JAHHBIX, XpO-
MOCOM JUIS PA3JIMYHBIX AJITOPUTMOB, BIOXHOBIJICHHBIX MPUPOIOH. DTOT MOIXON
OCHOBAaH Ha TMPEJCTABICHAN JIMHCHHOW CTPYKTYpHl XPOMOCOMBI B BHIE
TIOCTIEIOBATENIFHOCTH  TPEXaJPECHBIX WMHCTPYKIMHA W CO3JaHWM JIMHCHHOH
OIIEpaTOPHON CTPYKTYPHI U BBIYHUCICHHS BBIpXCHUH (hopmyr), 3aKo-
JMPOBaHHBIX B XpoMocoMme. [IJisi 3TOro IoC/eOBaTENbHOCTh BEIIECTBEHHBIX
grcen (XpOMOCOMa) NENUTCS Ha TPYIIBI U3 TPEX 3JIEMCHTOB (TPHUILICTOB)
(hi,hy, hs) ¢ 0 < h; < 1. Kaxkmas Takas Tpymma HHTEP-TIPETHPYETCS Kak
TpexaapecHas WHCTPYKIWS CIEAYIOIMM obOpazoM: < oper >< adrl > <
adr2 >, rne omepauus Oper TpPUMEHAETCS K OIepaHAaM B HHCTPYK-
X ¢ Homepamu adrl u adr2, KOTOopble BBIMUCISIOTCS IO CIEAYHOIIUM
(opmynam: oper = |hy * |F|l,adrl = [(hy * I — D)| + 1, adr2 = |(hs
(I-1)|+1, ifoper =0thenadrl = |(h, *|T|)| + 1, tae |F| — 310 uncmno
0a30BbIX (DYHKIMI, Oper — 3TO HOMEp JJIEMEHTa B 3TOM Habope, T.e. HOMEp
(GYHKIMY, BBIOJMHAEMON B TEKylIeH MHCTPYKIWH, | — 3TO HOMep Tekymen
uHCTpyKUMH, adrl,adr2 — 5T0 HOMepa NPEIBIAYIIMX HWHCTPYKIHH,
PE3yJIbTaThl BBIIOJHEHUSI KOTOPBIX HCIIONB3YIOTCS B KauecTBE ONEPAHJIOB B
Tekymieii uHCTpyKumd, a |T|- 9T0 4YHCIO SIEMEHTOB MHOXKECTBa
TepMHUHAIBHBIX CMMBOJIOB. Ecin oper=0, To MHCTPYKIMS MHTEPIPETHPYETCS
Kak OIepaTop 3arpy3KH, W 3arpyXaercs CUMBOJI TepPMHHANIA ¢ HoMepoM adrl.
Pentenne B 3TOM ciydae mperncTaBisier cobol Habop (QyHKIMH, rie Kaknas
(GYHKIMSL €CTh TOCIIEOBATEIFHOCTE OIIEPaTOpOB OT IIEPBOrO OMNEpaTropa o
KQK/IOTO TEKyIIero. JTO TO3BOJSIET, B OmIMuMe OT craHmaprtHoro ITI,
OJJTHOBPEMEHHO OLICHNBAaTh MHOECTBO BBIPKEHUH B BUIIE
TI0CJIEI0BATENIFHOCTEH ONIEPAaTOPOB 1 COKPAIATh BPEMSI IIOMCKa ONTUMAJIbHOTO
PpeleHusL.

[perMyIIecTBO 3TOro MOAXOJA 3aKIIFOYaeTCsl B IMPOCTOM allTOPUTME
JIEKOJTMPOBAHUS JCHCTBUTEIIFHONH XpPOMOCOMBI (BEKTOpa) B HaOOp KOMaHI,
KOTOPBIil IO3BOJISIET HCIIOJIb30BATh 3TH BEKTOPHI B €IMHOM IO/IX0/IE ISl IOMCKA
OIITUMAJILHBIX MOJIEINIEH C MCIIOJIb30BAHMEM PA3IMYHbIX OHOMHCIUPHUPOBAHHBIX
MOMYJIAMOHHBIX anroput™oB [4], [5]. B aT0if pabote B pamkax moaxozaa
METa’BPUCTHYECKOTO IPOrpaMMHUpOBaHusl (MP) HCIOJB30BAINCH YETHIPE
Pa3IMYHBIX aJrOpUTMa, OCHOBAHHBIX HA MPHPOIHBIX IPOLECCaX, I MOMCKa
OINITUMAIIBHBIX MoOJieJIeil: MOIU(UIMPOBAHHBIN AITOPUTM ONTHMH3ALMHM Ha



ocHOBe TperniofaBanus u oOydenus [6] (MPMTLB), omrodaszublii MyIbTH-
TPYIIIOBOH aNropuT™ TpenoaaBanus U ooydenwus [7] (MpSPM), sBororionHas
CTpaTerws ¢ afanTanyeil KoBapuarronHoi Matpunsl [§] (MPCMA), anroputM
MOKCKA HA OCHOBE TerioooMena [9] (MpSHT).

Hna  cpaBHeHUsT S((GEKTUBHOCTH METa’3BPUCTUUECKOTO  IIPOTPAMMI-
pPOBaHMSI C HCIOJB30BAHUEM YETHIPEX pA3IMYHBIX OWOMHCITHUPUPOBAHHBIX
MOITYJIIMOHHBIX aJITOPUTMOB M CTaHIAPTHOTO AJITOPUTMAa TEHETUYECKOTO
MPOrpaMMHPOBAHUS JJIsL 33/1a4M TIOMCKA aHAJIMTHYECKOTO ONUCAHU MOJIETIH Ha
OCHOBE TPHBEJICHHBIX 3KCIIEPUMEHTAILHBIX JAHHBIX, HA0OPOB IEPEMEHHBIX,
0a30BbIX (DYHKIIMI 1 OTIepariyii, Mbl BBIOPAJIH ILECTh TECTOBBIX (DYHKIIMIL:

Testl: sin(x®) + e*, Test2: sin(2x) +~ — x3, Test3: ——o _,
x sin(2x—4)

Test4: 2sin(x)exp(a), Test5: sin(x) + sin(a?),Test6: x> — 2x3 + x.

3naueHnd Kaxnon ¢yHknuu B 20 crydaiHBIX Toukax B muamazone (0,2)
OBLTH WCTIONB30BaHBI B dKcriepuMeHTax. Habop 6azoBbix (yHkimid mis Testl:
Fi = {+,%,sin,exp}, nna Test2-Test6 —F, = {+, —,*,/,sin,exp}, tepmu-
HanbHble cuMBOJBI Juist Testl u Test6 —T; = {x}, nns Test2 —Test5 -T, =
{x,a,2,5}.

[IpumenstoTCS  ClEIyIOIMEe IapaMeTphl CPABHUBAEMBIX AaITOPHUTMOB:
BeposATHOCTH KpoccoBepa 0.80, BeposTHOCTE MyTarmu 0.15, pa3Mep nomyssiiuu
100 1 MakcuMasTbHOE YKcIIo mokoieHuit 250. JlnmuHa xpomocom pasHa 30; B GP
HavaJlbHasl TNIyOWHA IepeBa BBIPRKCHHUH yCTAaHOBJIEHA paBHOH 6. IIporpamma
Obuta BemonHeHa 100 pa3 Mg KaKIOro aliropuTMa M KaXKIOH TeCTOBOH
(YHKIMH, ¥ pe3yabTaThl ObUIN yCPEJHEHBI. B OIMMCaHHBIX 3KCIEPUMEHTAX MBI
WCIIOJIb30BAI  PEKOMEH/IOBaHHbIE 3HAYEHWsI IapaMeTpOB aJITOPHTMOB HX
ABTOPOB B IMTHPOBAHHBIX CTATHSIX JUIS cpaBHEHMs S dekTnBHOCTH. OTHENbHAS
ONTUMU3AIMS TTApaMETPOB alrOpUTMa He TpoBowiIack. Mbl cpaBHHMBacM MP
Ha OCHOBE BJIOXHOBJICHHBIX TPUPOJION aJIrOPUTMOB, PEAM30BAaHHBIX B
MATLAB, c¢ peamuzanpell aqroputMa TE€HETHUECKOTO MPOrpaMMHUPOBAHUS
(GP) [1, 2] B MATLAB - oOubmmoreku GPLAB v.4.02
(http://gplab.sourceforge.net).

OnmHMM W3 OCHOBHBIX TIOKa3aresel, WCIOJb3yeMbIX I HW3MEpEHHs
3 ()EeKTUBHOCTH aJIrOPUTMOB SBOJIIOIIMOHHOTO CHHTE3a, SBISIETCS BEPOSITHOCTD
(gactora) ycrmexa, TO €CTh BEpPOSTHOCTh TOTO, YTO AJITOPUTM OOHAPYKUI
(cuHTe3UpoBa) BBIPaKEHHE, COBIAJAIONIee MMEHHO C 33/IaHHOM (DyHKIHMEH.
OTO OTHOIIEHHWE KOJMYECTBA YCIEUIHBIX AKCIEPHMEHTOB, KOTJa aJTrOpPUTM
Hallen TMpaBHJIBHOE BBIPAXKEHHE, K OOMIEMY KOJMYECTBY SKCIIEPUMEHTOB C
3aaHHBIMU MapaMeTpamu. B tabmune 1 mpeacTaBieHbl BEpOSTHOCTH (4aCTOTHI)
ycrexa JJist pa3HbIX alrOPUTMOB, TJIE P — CPEIHSS YacToTa ycrexa JUisl Kax10ro
ITOPUTMAa HAa MHOXKECTBE TECTOBBIX (YHKIMH. M3 Tabiuipl BHIHO, YTO
BeposiTHOCTB ycriexa B MP Beimre, yem B GP Bo Bcex ciydasix. B Tabmmue 2
MPEJICTABIICHO BPEMsI BHITIOJIHEHUS (B CEK.) JUIS Pa3iMYHbBIX aITOPUTMOB, T. €.
cpeHee BpeMsl BBINOJHEHMS! aJITOPUTMa JI0 TOTO, KaK aIrOPHTM OOHapyKWIl
(cMHTE3MpoBaJI) yKa3aHHOE BBIPAXKEHHWE WIIM BBIIOJHWI TpeOyeMoe YHCIIO



TIOKOJIEHHUH, TJie T — CPe/IHEE BPEMs BBINOJIHEHHUS JUTSl KaK/IOTO aIropuT™Ma JUlst
BCETO MHOYKECTBA TECTOBBIX (PYHKIMHA. JTa TabimIla MoKasbiBaer, uyro y MP
MEHBIIIE BPEMEHH Ha TIOHCK pericHus (B OOJBIIMHCTBE CIydacB Ooliee ueM Ha
IBa Topsiaka), uem y GP.

Ta6muua 1
Yacmoma ycnewHo2o noucka mecmoewix QyHKyuil
GP mpCMA mpSHT mpSPM mpMTLB

Testl 0.67 1 1 1 1
Test2 0 0 0.01 0.01 0.04
Test3 0 0.02 0.01 0.01 0
Test4 0.03 0.89 0.96 0.97 1
Test5 0.05 0.99 1 1 1
Test6 0.08 0.86 0.92 0.96 1

D 0.19 0.67 0.72 0.72 0.76

Tabnuma 2
Cpeonee epemsi ROUCKA MeCmOo8blX (PyHKYULL
GP mpCMA mpSHT mpSPM mpMTLB

Testl 118.6 14 0.9 1.3 0.66
Test2 33.2 81.8 154 213 23.0
Test3 11265 76.7 16.9 214 274
Test4 4425 12.8 3.62 5.84 3.2
Test 4746 6.9 2.55 3.74 1.94
Test6 5540 28.6 4.75 7.6 2.95

t 4280.8 30.5 6.04 8.28 8.05

Takum 00pa3oM, SKCIICPUMEHTHI MOKA3bIBAIOT, YTO MPEIIaraeMblil ajro-
PUTM  METa’BPHCTUYECKOTO IPOIPAMMHPOBAHUS TIPEBOCXOIWUT HM3BECTHBIN
ITOPUTM TEHETHYECKOr0 IPOTpaMMHPOBAHUS KaK II0 BPEMEHH IIOWCKa
pemeHus (MeHble 6ojiee YeM Ha MOPSOK), TaK U MO BEIWYHHE BEPOSATHOCTH
HaXOXKICHUS (PYHKINH (MOJICITH).
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